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 Diffraction of optical beams with arbitrary profiles by a periodically

modulated layer

R.S.Chu
Ground Systems Group, Hughes Aircraft Company, Fullerton, California 92634

J. A. Kong
Department of Electrical Engineering and Computer Science and Research Laboratory of Electronics, Massachusetts Institute of Technology,
Cambridge, Massachusetts 02139
(Received 28 April 1979)

The problem of diffraction of optical beams with arbitrary profiles by a periodically modulated
layer is studied for incidence at normal or at the first Bragg angle. It is shown that the far-field
patterns of the nth diffracted order of the transmitted and reflected waves are simply the algebraic
multiplications of the angular spectral amplitude of the beam profile and the transmission and
reflection coefficients for the nth-order diffracted plane wave. Numerical results are illustrated for

six different beam profiles.

INTRODUCTION

The ditfraction of a plane wave by a periodically modulated
medium has been treated extensively in the past.!® For a
layver bounded by different media on its two sides, the dif-
fraction problem for arbitrary angle of incidence has been
studied with a rigorous modal approach by Chu and Kong.*
A simple second-order coupled-mode approach that yields
closed-form solutions for the reflection and transmission
coetficients has been given by Kong.® For a plane wave in-
cident in the vicinity of normal incidence and in the Raman-
Nath regime, L.ee® obtained a simple closed-form formula for
reflection and transmission coefficients,

In a series of previous papers,” 9 analytical and numerical
results have been given for the diffraction of optical beams
with a Gaussian profile incident near Bragg angles on a pe-
riodically modulated half-space”™® or a finite layer.? Both
near-field and far-field solutions have also been obtained by
integrating over an appropriate plane-wave spectrum,? and
the numerical results qualitatively agree very well with the
experimental observations performed by Forshaw.1?

In this paper we investigate the diffraction of optical beams
with arbitrary profiles incident either normally or at the first
Bragg angle on a finite layer of a periodically modulated me-
dium. The far-field patterns of the nth-order reflected and
transmitted waves are shown to be simply the algebraic mul-
tiplications of the angular spectral amplitude of the incident
beam profile at the entrance plane and the reflection and
transmission coefficients of the nth-order diffracted plane
waves. Numerical resuits are illustrated for six different
heam protfiles.

i. FORMULATIONS FOR INCIDENT, REFLECTED,
AND TRANSMITTED BEAMS

As shown in Fig. 1, we consider a hounded beam incident
on a periodically modulated dielectric layer which is charac-
terized by a permittivity of the form

€(z) = ex(1 + M cos2rz/d), (n

where ¢ is the relative permittivity of the slab in the absence
of modulation, M is the modulation index. and d is the peri-
odicity. The slab has a thickness . and is bounded by a di-
electric medium with relative permittivity ¢, for x < 0 and by

another dielectric medium with relative permittivity ¢, for L
<x.

The electric field of an incident heam can be represented
hy!!

Eindxz) = f DG expilE)x + Boz) dde. (2)

where
Ba = (2/A)\ € sinf)

and

e

& = 27/ NV costl = (27N - 35

The function G(3,) is the angular spectral amplitude of the
incident heam profile at the entrance plane x = 0, i.e..

] ey
G(3y = ; f En(0,2)e e dz, (8]

We let
E"“.(().z) = ]-'(z)(,lh:' 1)
where

b = 21/ Gsind) = (21/A) G sintl?

and 04" is the angle of incidence of the beam axis. " the angle

of refracted beam, and F(z} the beam-profile function at x
= (0. Equation (3) becomes

1 * .
(,‘(ﬂo) = — f F(Z)p—ul,iu—hp:d:' (5)
2 J-w

The six different beam profiles F(z) and their corresponding
angular spectral functions G(8¢) to be considered later are
listed in Table 1.

The integral representation (2) for the incident heam ap-
pears here as a linear superposition of plane-wave spectral
components of the form

expilél'x + Bo2)

with amplitude G(3y). For each plane-wave component in-
cident upon the periodic laver. the reflection and the trans.
mission coefficients for the nth-order wave are given by R, (3,
and T, (). respectively. Therefore, the nth-order trans
mitted beam is given hy
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incident
Beam

x:z0 x=L

where

3, = do+ nir/d

and

The nth-order reflected heam is given by

Eonx.:) = f " GUBRY (B0) expi (=& x

where

= @2r/N) - 3.

€3 €o
v

Refracted
Beam

v
\gm
~ 1?0

- L4

e :9{?’

Diffracted
Beom

FIG. 1. Geometrical configuration of the problem.

E(x.2)= J‘_ G T, (30 expi|&7(x = L) + B3,z|d i,

=1 (6)

A R PL.Y)NEP N

+ ‘)’n~ )d/’u.

x<0 (M

(8)

Equations (6) and (7) are the ficld expressions for the trans-
mitted and reflected fields.

As already shown,” the (ar-field pattern of a particular order
is essentially the Fourier transform of the aperture field at the
boundary of the layer for that particular order. The far-field
pattern of the nth-order transmitted beam is given by

P, = f E,, (L.2) expl—i[(2m/A)\e;sinfl|zidz. (9)

Substituting (6) into (9), we have

Po0) = f_ - f_ T GBIT, (B

2
X expli(ﬁ(. +n 2z dfudz

d

= cwa T
[f exp[l ()'(. +n— - —)\— Vv eysin 0) ]d.]dﬂ“

=270 (7( fl—n )”)7 ()”
? /\ \,(q\ln d n x

27— .
NV €35In 0) F4

2r
\asintl = n ~d— .

(1

In (10) we vbserve that the integral in the braces is in fuct a
& function. Similarly. the far-field pattern of the nth-order

reflected beam is
B 2 —

Pty = f E. (0.2) expl—{ (7 \ (,sinﬂ) zld:z

= f l (l'(}i(h'[\,,,(,‘i‘())

* 27 2w
X {":x GKI)(I' (d(l +n ‘J 7)\- \ € ~mll) ]d_ld T

o or
=27 @ ( Y ¢ sinfl = n —d—)

I

2 — . 27
XR"(T\_\(‘S"]“_"F' (1

TABLE I. Beam profiles F(z) and their corresponding anguiar spectral functions (30)

Triangle-wave beam

Two-side exponential beam

One-side exponential heam

Lorentzian heam

Iz

W] -

Gan,lo =

e 1ol W

e

e Wa g N =
0,

1
l + llm J\,.l
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Hence the tar-tield patterns of the nth diffracted order of the
transmitted and the reflected beams are simply the aleebraic
maltiphieations given by (101 and (L H respectively.

Il. RESULTS FOR NORMAL INCIDENCE

For an optical beanmy incident narmal 1o the houndary of the
modulated laver, we have 8 = 4, = 0 und L = 02 thae the
tar ficld patterns for the zevoth-order reflected and trans
mitted beams are given by
U A

an
oo = 2ad ('\ \ ¢;.\|nl!} I\’..‘ \ \ usinﬂ’. t12)

/ ; 1

B} \ 53 3
Pty = 206 |75 e sinn] 7,17 U I
Ty ~wte N \ €.SIh 0 N A1 LI B tlon

) 7

The far-field patterns for the nth-order reflected and trans-
mitted beams are given by

2r
P Ay s 2rG ('-\— \ usmAl'ms“‘v")
o )

T 1 sinAf con? ) (RRY;

‘.

<, |

b

9
P s 220Gy (:\—7{ v isindf ('Ll.\’f/‘y:.)

I

dro—
x 7T, {”\i— v o€gsindd ('usl’:,"). (15)

where
N . N
B sin! (sinﬂ.'\“ +n- “’T‘:} = sin~! (n - -‘:). (16a}
dy € €
. ‘ At . A
M- sint (sin”.‘i” +n- ‘:) = sip ™! (n -~ ~t). {16h)
d \ € d \ €

A =1 — 7 for reflected beams. M = fi ~ (1 tor transmitted
heams, and | <« 1.

The reflection coetticient R, (3,0 and fransmission coet?i-
cient 750500 fora plane wave incident a3 an anede suceh tha
1Y << 12 can be obtained by <olving the matrs vquation (30
ol Ret. 4 with proper truneation. Forthe caseof o = ¢oalen
a4 plane wave i imadent at an angle close to normal incidenee
and s in the Raman-Nath regime, o stmple olosed torm
three-maode tormula for the retlection coettivient B aad 1he
transmission coetficient T, has been obtatned by Lee' as

follows:
N -
’Snl)+ R,= 4\_. I(m::)+ Dl + ethaly
a=1
+ (mMN DI = ekl T
3
T = ekl 3 (MmO D1 + ethal)
a=1
=~ (mM)~ Do~ ekl
n=0,+1 18)
where
DY = 2k = RED/RS, tiaa)
ky= @2r/A\ € = ko 6 ko = 2700, {19h)
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[N E:¥l.?-1iv—}lb,v'(,‘ (14%¢)
b=\ G 4 ke = G 119d)

oty — o, (19¢)

S0= Tk ndged 3, = 020N o sind, L19§)
and 4 s obtained by solving the following equation:

Y A O S N TV ST S AU SO o ST AR O A
LA ER LTI 1T X B SO Y (R SR BEI T PON. VAT
+hor=0 42m

The tumctions 1 in (71 (181 are given below:

Mt = g/ A AR =LA DD
— AN A b en

(= (GG AN A= DA (V307D
—ANLDAN=LRDIDY w2y

it = (/AR AL DAY A DT
= AMLDAY=1LDIDTY

ABma)y =&, + k) 2 (&, ~ ket 124

At = AN-LONDT A o i)
—ARONAOADDYN - A=12)D A DAt QD
= AMOBDAHLDD] + A= LD AT DAY 8
— AN AL ALDDY. (25

As an example. consider a plane wave at normal incidence
upon a periodically modulated laver with the following pa-
rameters: ¢ === LOA = 06328 um. d = 6.328 um, k1.
=700 (or L = 704992 um), and

Q=27AL/\ od? =7,

(Q 1% a structure constant defined by Kilein and Cook® such
that in the Raman-Nath regime (7 is much greater than uity )
The zeroth- and the first-order transmitted intensities /.,
= (TP and Iy = T |2 as functions of Mor e = LA\ ¢ )
computed from (1R are quite accurate up to ¢ ~ 4 com-
pared with the restlts obtaned by modal <oluion {Fag. v
of Bet, Ao

The transmitted heams and the rettected heams for the
Cassian beam profile are shown in Figs, 2 and 2 respectivels
Two cases of modulation index. namelds, A = 2 x 10 Sand M
= 5% 107 have heen given. Note that A = # tor the zeroth
order beam and A0 = (! = 01 tor the first-order beam where
By = sin” H=Nd) = =3.7392° and that the scale for reflected
heams is magnitied by a factor of 1000, Figure 4 shows the
amplitudes of the first-order transmitted beams for six dif-
ferent beam profiles. The modulation index M = 5 X 107
and W, = 7#W,/d = 500. We observe that a square-wave
heam profile gives high side-lobe ripples while a Lorentzian
heam profile gives very wide beam width.

. RESULTS FOR BRAGG INCIDENCE

For an optical beam incident at the first Bragg angle, we
have i = M), 14" = 44, and

b Qr/Ny s = (2r/Xy Gsinth = 2d.

RS Chuand 1A Kong 3
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035} 0" Order Beom ,
M:2510°3 \..’" O!" Order Beom
t

M:5x10"3

Field Amplitude

(-1)™ Order Beom
M:5x10"3

o 1o}

(-11"™Order Beam

M=2x10"3
0051

0.00

I T T T 1
-006 -004 -002 000 002 004 006
A8= 8-8p or 6-8, {degrees)
FIG. 2. Transmitted field amplitudes for a normally incident Gaussian
beam. €, = ¢z = €3 = 1.0, \ = 0.6328 um, d = 6.328 um, kol = 700, Wo
= 7 Wo/d=500,Q=17.

The far-field pattern for the zeroth-order transmitted beam
is given by

Peo(f) = 272G (2—;’- Ve sin()) T (27" Ve sina), (26)

and the far-field pattern for the Bragg-scattered beam by

0™ Ovder Beom

s -3
(= 1)"™ Order sm}" Sxi0

° o
N N
[«] o
T i

Field Amplitude 1 103
©
>
T

= (-11"™ Ordes Beom
Q'™ Order Beom

}M-Z-IO"

\)"'

0.05}

P

009 T T
-006 -004 -002 000 002 004 006
Al 8-0y or 0-6, (degrees)

FIG. 3. Refiected field amplitudes for a normaily incident Gaussian beam.
3 =6, ™ €3 1.0, A =0.8328 um, d = 6.328 um, kol = 700, W, = 500,
=7
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029%5] Gaussign Beam
! —— Squore- wave Beom
] 020" Trangle- wave Beom
- 2 - Siude Exp Beam

- | -Side Exp Beom
- - — Lorentzion Beom

Field Amplitude
(e (@] o
o — -
o (o] o

000, ~mwie v V. V- 'iv[-&ﬁ.\/f‘f.v o
-008 -006 -004 002 000 Q02 004 006 008
AB: §-6_, (degrees)
6 :-57392°
FIG. 4. Amplitudes of the first-order transmitted beams for six different

beam profiles. ¢ = ¢; = ¢3= 1.0, A =0.6328 um, d = 6.328 um, kol
=700, M=5X 1073 W =500 Q=7.

L2 — 2
Py =21006G |— }\ \ (,alnll + d) I_,(T \ sinfl + —(—F)

(27

where the transmission coefficients 'y and 7T'_; have been
given in Ref. 5 as

To = 4k4 (a0 — a)(ayApn = aBpy) exp(= k4, L)/ Det,

(28)
and
T_1 = 4k% 4s — ) Apg — Bua) expl—iki,L)/Det,
(29)
where

Det = (A, — ﬂ’lBaa)(‘YlAbb — ayBys)
— ook Agh — Bap W Apa — Bra)  (30)

“= Mkz 182, — B3+ (B2, = B2 + (Mk§e?12), (31)

Qg =

k
A,,,,=kg,(1 + q‘)(\ + )
R%RY expliki, L)), (33)
ke, — ki,

Mkz 182, — B3 — [(B2, — B2+ (Mkie2)?]V2, (32)
X lexp (—ik3L) =
kS, k3,
B,,"=kg,(1+;g)(1 +;;)
X [exp(—ikL) — RY RS expliki L)), (34)
ix 1x
R e, v ks,
9 = kove cosl = V(Zx/N2% — Bz = &, (36)

po=ab, ij=123 (35)

ku (ke — B2)1/2 = £Y), (37

={{1 — (I Mailkie, — B3V (38)
= {[1 = (V) Maadkde, — G312, (R
kfh (kies = 89172 = EY. (40)
b= (kB — Bi M2 = £ “h

R.S. Chuand J. A, Kong 4
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008 - Goussion Beam
- Square - wave HBédm
007! Triongle - wave Beam
(} - 2 - Side Exp Beam
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OOGT - - ~Lorenfzian Begm
] 005}
' 1}
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E 003 \
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© ) N
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00 o 4

oo NN VL TR Vs
-0f6”  Q12° -008° -Q04° 000° 004° Q08° Q1i2°
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FIG.5. Zeroth-order transmitted beams for L = D,/2, M= 1X 1074, ¢,
=1.0,6, =225 ¢3 = 3.0, \ =0.6328 um, d = 1.2656 um, Dy = 8.3193
mm, Wy = 500, #'tY = 14.4775°, 65 = 8.2989°.

and kg = 271/\.

By subqt)tutuw(’S) and (29) into (26) and (27), the far-field
patterns for the zeroth-order transmitted beam and the
Bragg-scattered beam are obtained for a Gaussian beam

profile and are shown in Figs. 6 and 7. The slab width has
been chosen for two cases, namely, L = I),/4 and D,/2, and
D, is defined as

D = 2 cotfip) = d Eod (42)
q 4 @
where
q= Z(d/A )ZM(‘),
2= gin—1
B = sin Ry \/_)
and

én = \,’(ZW//\"‘)(z - F;.‘..

The meaning of 1), is that, for a slab width L. = D/2 and
for a plane wave incident at exactly the first Bragg angle,
complete conversion of energy oceurs from the zeroth-order
wave into the Bragg-scattered wave. 'The zeroth-order heams
for L = D /2 for six different heam profiles are shown in Fig.
5 and the Bragg-scattered beams tor [ = [),/2 for six different
beam profiles are shown in Fig. 6. 1t is seen from Fig. 5 that
all the beams have a deep null at the beam center and that the
square-wave beam profile gives high side-lobe ripples while
the Lorentzian beam profile gives wide beam width for the
zeroth-order beam. 'The physical reason for these deep nulls
is that, at L. = 1J,/2. the central portions of the beam spectra
of the zero-order waves have completely converted their
energies into the Bragg-scattered waves, which results in a
depletion ot energies from their beam-center portions, as
shown. For the Bragg-scattered beams, it is seen from Fig.

0.08( ——— Goussian Beam
-—— Square-wave Beam
oo e Triangle- wave Beam
----- 2 - Side E xp. Beam
~-—= 1 - Side Exp. Beam
0.061 ——-—Lorentzian Beam
0.05
@
S o0.04}
2 FIG. 6. Bragg-centered beams for L = D,/2, M =
= 1X107% 6,= 1.0,¢;=2.25.¢; =30\ = 06328
a pm, d = 1.2656 um, D, = 8.3193 mm_ W, = 500.
€ 003+ M = 14.4775° and " = 8 2989°
. «
>
‘ * 002
w
0.0l
0.00
~
-0.16° -012° -Q08° -0.04° 000° 004° 008B° O0.2°
AB:= B- 83 (degrees) —e
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6 that the beam widths are about the same for all beam pro-
files.
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